Local energy decay of massive Dirac fields in the 5D Myers-Perry 

metric 

Thierry Daude ^and Niky Kamran^ 



^ Departement de Mathematiques 
Universite de Cergy-Pontoise 
95302 Cergy-Pontoise, France 
thierry.daude@u-cergy.fr 
Department of Mathematics and Statistics 
McGill University 
Montreal, QC, H3A 2K6, Canada 
nkamran@math.mcgill.ca 



Abstract 

We consider massive Dirac fields evolving in the exterior region of a 5-dimensional Myers-Perry 
black hole and study their propagation properties. Our main result states that the local energy of 
such fields decays in a weak sense at late times. We obtain this result in two steps: first, using the 
separability of the Dirac equation, we prove the absence of a pure point spectrum for the corresponding 
Dirac operator; second, using a new form of the equation adapted to the local rotations of the black 
hole, we show by a Mourre theory argument that the spectrum is absolutely continuous. This leads 
directly to our main result. 

1 Introduction 

Since the publication of the seminal papers [H IH |45l |46] , higher dimensional black holes have attracted 
considerable attention, in particular in the context of brane- world theories [391 137) . In these scenarios, 
the physical world is represented by a four-dimensional brane embedded in a higher-dimensional bulk 
space-time whose geometry can be approximately described by the classical solutions of vacuum Einstein 
equations. A fascinating prediction of brane- world theories with large extra dimensions is the possibility 
of mini black hole production in high energy colliders such as the Large Hadron Collider [181 EI] ; raising 
in turn the possibility of direct observations, for instance of Hawking radiation, and (possibly) of probes 
of large extra dimensions [3S] . 

The metrics describing isolated rotating black holes in higher-dimensions were first constructed by 
Myers and Perry [32] as the asymptotically flat generalizations of four-dimensional Kerr vacuum solutions. 
Asymptotically (anti-) de Sitter rotating higher-dimensional black holes were then discovered by Hawking 
et al in the 5D case [35] and by Gibbons et al. in the general case [29j [30]. We refer to [20] for a 
review of higher-dimensional black hole geometries. With this paper, we start a research program on the 
propagation and scattering properties of fields evolving in this type of geometries, both in the bulk and 
on four-dimensional branes embedded in the bulk. We are ultimately interested in extending the results 
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of papers like miSlllOllMllIlllllllgllllllllJto this setting, that is to say in studying notions such as the 
Hawking effect, the resonances (or quasi-normal modes) and/or inverse scattering problems, phenomena 
or mechanisms that should provide a way to put in evidence the existence and influence of the extra 
dimensions of space-time. 

In this paper, we begin this program by considering massive Dirac fields that propagate in the bulk of 
a 5D Myers-Perry black hole and prove local decay of the energy at late times. In other words, we prove 
that the probability of finding Dirac particles in any compact region located outside the event horizon 
tends to zero as time t goes to infinity. Our result can be stated more precisely as follows. Recall first 
that in Boyer-Linquist like coordinates {t, r, 9, ip, a 5D Myers- Perry black hole can be represented by 
the manifold 

X = Kt X (0, +<x)r X (0, |)fl X (0, 2^)^ X (0, 2^)^, (1.1) 
equipped with the Lorentzian metric (having signature (—1,1,1,1,1)) 

g = -df+'^dr^+^d9^+{r^+a^) sin^ 9dip^ + {r^ +b^) cos^ 9d'ilj'^ + ^{dt- a sin^ 9dip~bcos^ 9d^pf , (1.2) 



where 



A = ir^+a^){r^+b'')-tir^, 
E = + cos^ 9 + b^ sin^ 9. 



(1.3) 



Myers-Perry black holes are completely determined by three parameters: their mass ^ and the two 
independent angular momenta per unit mass, a, 6, measured from infinity. The metric possesses three 
Killing vectors dt,d^^d^ reflecting the time-translation invariance and bi-azimuthal symmetry of the 
space-time. Note here that since the rotation group 5*0(4) possesses two independent Casimir invariants, 
a rotating black hole in five dimensions may have two distinct planes of rotation specified by appropriate 
azimuthal coordinates - here {ip,ip) -, rather than a single axis of rotation. 

We shall restrict our attention to the non-extreme case ii > + b^ + 2\ab\, for which the function A 
has two distinct positive roots 

r± = ^{^fi - - b^ ± y/i^ - a2 - fe2)2 „ 4^252^ ^ (1 4) 

and can be written in factorized form as 

A = (r^ -r^)(r2 -r^). (1.5) 

The radii r_ and r+ are called Cauchy and event horizons respectively and correspond to "coordinate" 
singularities of the metric. We shall in this paper only consider the exterior region of the black hole, that 
is the region {r > r+}. 

We list here some important properties of the exterior region of a 5D Myers-Perry black hole. First, 
it is of Petrov type D, so that its Weyl curvature possesses a pair of real principal null vector fields [51] 



that generate a congruence of shearfree null geodesies called principal null geodesies. Because of the 
factor in (|1.6p which blows up when r — ^ , we see that the principal null geodesies will not reach the 
event horizon in finite time t. As a consequence, when described using the Boyer-Lindquist coordinate 
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system, the event horizon is perceived as an asymptotic region of space-time. The geometry there turns 
out to be of asymptotically hyperbolic type. Conversely, when r — > +00, the metric (|1.2|) tends to the 
Minkowski metric written in oblate bi-spheroidal coordinates. The geometry of the region {r = +00}, 
which corresponds to spatial infinity, is thus asymptotically flat. Second, the exterior region of a 5D 
Myers-Perry black hole is globally hyperbohc, the hypersurface T,o — {t ^ 0} = {r+,+oo)r x being 
a Cauchy hypersurface. We are thus able to express the Dirac equation as an evolution equation on the 
spatial hypersurface Eg which, according to the above discussion, can be viewed as a cylindrical manifold 
having two ends - the event horizon {r = r_(-} and spatial infinity {r = -|-oo} - with very different 
geometries. We generically write this equation in Hamiltonian form as 

idttp = Bt/j. 

The Hamiltonian D acts on the Hilbert space H = L'^{{r^, +00) x S'^, dVols; C^) with dVoli; the volume 
measure induced by g on the hypersurface Eq. The main result of this paper is 

Theorem 1 The Dirac operator B is a self-adjoint operator on % having purely absolutely continuous 
spectrum. Moreover, for all x G C'5*'((r-|_, -|-oo)) and all -0 € we have the local energy decay 

lim ||x(r)e-"°V^|| = 0. (1.7) 

r— f ±00 

Hence, the energy - or more precisely, the probability of presence - of massive Dirac fields cannot 
remain trapped in any compact set outside the event horizon when t goes to infinity: the essential part of 
the fields must escape either to infinity, or to the event horizon at late times. We thus obtain analogous 
results to those proved for the Kerr metric [TTJ [31] [33J [M] in this new setting. 

The main ideas used in the proof of our main theorem are the following. Firstly, the absence of pure 
point spectrum of the Dirac operator B relies crucially on the fact that the massive Dirac equation in the 
5D Myers-Perry metric can be separated into purely radial and angular systems of ODEs [211 HI] . Using 
a decomposition of the angular differential operator on a well chosen Hilbert basis, the problem amounts 
thus to proving the non-existence of LP' solutions of a system of ODEs in the radial variable r. This, in 
turn, is shown using the particular nature of the geometry - of asympotically hyperbolic type - at the 
event horizon. Note that the spectrum of B being continuous, we already get a local energy decay (in a 
LP mean sense) as a simple application of the RAGE theorem [47] . 

Secondly, we show the absence of continuous singular spectrum by means of a Mourre theory argument, 
a technique already used in the Kerr setting in [T^KM]. As in these papers, the expression of the Dirac 
equation which is adapted to the separation of variables turns out to be inconvenient for the construction 
of a locally conjugate operator. Indeed, the Dirac operator in the above separated form cannot be written 
as a short-range perturbation (of the same order) of a spherically symmetric like Dirac operator Bo, a 
situation in which Mourre theory typically works, but only as a long-range perturbation of Bp. These 
long-range terms arc mainly due to the distant effects of the rotations of the space-time. We thus use 
another form of the equation that "minimizes" the effects of the rotations. This is done by choosing 
a local Lorentz frame in the calculation of the equation adapted to locally non rotating observers (see 
for instance [1]). We then obtain an expression of the Dirac equation that has the convenient form we 
expected. The new expression turns out to be quite similar to the one obtained in the Kerr case studied 
in [12' and we are able to construct a locally conjugate operator for B and prove the absence of continuous 
singular spectrum. Finally, our local energy decay is then a simple consequence of the Riemann-Lebesgue 
lemma. 

This paper is organized as follows. In Section [2l we first briefly present the Cartan formalism to 
calculate the Dirac equation in a curved 5D-space-time. We then find an expression of the Dirac equation 
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in the Myers-Perry metric based on the choice of a local Lorentz frame adapted to the point of view of 
locally non-rotating observers. We conclude this section by various simplifications of the initial equation 
that is finally put in a convenient Hamiltonian form. In Section [31 we gather all the needed analytical 
and spectral properties of the Hamiltonian D needed in the later Mourre analysis. We also use here the 
absence of pure point spectrum for D (whose proof is given in Appendix]^ to obtain our first local energy 
decay in an mean sense. Finally, in Section 21 we first briefly recall the basics of Mourre theory and 
then construct a locally conjugate operator for the Hamiltonian B. We conclude the paper by proving 
our main Theorem [1] 

2 The Dirac equation in the 5D-Myers-Perry metric 

2.1 Orthonormal frame formalism for the Dirac equation in 5D curved space- 
time 

To calculate the massive Dirac equation in a 5D Myers-Perry black hole, we use Cartan's orthonormal 
frame formalism. Let us denote by {ga} a=o,i,2,3,5 a given local Lorentz frame, i.e. satisfying g{eA, sb) — 
rjAB where tjab = diag(— 1, 1, 1, 1, 1) is the flat (Lorentz) metric. We also denote by {e'*}A=o,i,2,3,5 the 
set of dual 1-forms of the frame {e^}- Latin letters A,B will denote in what follows local Lorentz frame 
indices, while Greek letters fi^v run over five-dimensional space-time coordinates indices (t, r, 0, V')- 
The massive Dirac equation takes then the generic form 

(H + m)0 = b'^e'-Xid^ + T^) + m]0 = 0. (2.1) 

Here, the 7"^'s are the gamma Dirac matrices satisfying the anticommutation relations 

{^A^^By^^A^B^^B^A^^^AB^ (2.2) 

and F — T ^dx'^'^ ~ F^e"^ stands for the spinor connection 1-form. In order to derive it, we first compute 
the spin-connection 1-form ujab — ^ABiidx^ = /abcS-'^ thanks to Cartan's first structural equation 

de^ + uj\ A e-^ = 0, ujab = Vac^^% ^ -^ba- (2.3) 

To obtain the spinor connection 1-form F from loab^ we make use of the homomorphism between the 
S'0(4, 1) group and its spinor representation which is derived from the relation (j2.2|) . The so(4, 1) 
Lie algebra is defined by the ten antisymmetric generators YA^ = [7"*, 7^]/(2i) which gives the spinor 
representation, and the spinor connection can be viewed as a so(4, 1) Lie-algebra- valued 1-form. Using the 
isomorphism between the so(4, 1) Lie algebra and its spinor representation, i.e. F^ = (i/4)E"^^cjyiM/j = 
(l/4)7"^7^a;y!iB^, we can construct the spinor connection 1-form by 

r = i[7^,7'']wAB = JtV^as = Jl^T^'/Asce^. (2.4) 

Now in terms of the local differential operators Ba = c^c?^, the Dirac equation (12. ip can be rewritten in 
the local Lorentz frame as 

[7'4(9A+r^)-f m]0 = O, (2.5) 

where the F^i = 6^F^ — ■^j^j'^'/bca are the components of the spinor connection in the local Lorentz 
frame. Finally, note that the Clifford algebra in dimension five has two different reducible representations 
(they differ by the factor of a 7^ matrix). It is usually assumed that fermion fields are in a reducible 
representation of the Clifford algebra. In other words, we can work with the Dirac equation in a four- 
component spinor formalism like in the four-dimensional case, and just need to take the 7'^ matrix as the 
fifth basis vector component. 
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2.2 The Dirac equation adapted to locally non rotating observers 

To calculate the expression of the Dirac operator, we first need to choose a local Lorentz frame {eA}A=o,i.2,3,5- 
Note that to any local Lorentz frame there corresponds a particular local observer given by the timelike 
unit vector field eq. When dealing with the Dirac equation in rotating black holes, it is common to use 
the Petrov type D character of the space-time and the existence of the principal null geodesies generated 
by (|1.6|) to define a local observer. Recall that in the case of 5D-Myers-Perry black holes, the principal 
null geodesies are generated by the pair of real principal null vectors 

y = A [dt + ^:T:^,d, + ^^d,}±dr, 

whose normalized sum defines a local observer 

The interest in choosing a local Lorentz frame adapted to the observers described by U is that the 
corresponding expression of the massive Dirac equation allows for separation of variables. In Appendix 
El we recall this expression obtained by Wu in [ST] and use it to prove the absence of eigenmodes. 

However, as mentioned in the Introduction, this form of the Dirac equation turns out not to be con- 
venient for our purpose since the resulting Hamiltonian cannot be written as a short-range perturbation 
of a spherically symmetric like Dirac operator. Following [TT1I31], we thus choose another local Lorentz 
frame based on locally non rotating observers. These are described by the vector field T orthogonal to 
the spatial hypersurfaces 'St — {t = const} and normalized such that g{T,T) = —1. To compute the 
vector field T, we introduce some notation. The coefficients of the metric ()1.2|) in the coordinate basis 
are given by 



r^S asin^0 l3 cos^0 

5tt--l + ^; 9rr = —^, 906 = 3w = ^ , 9^)^ - ^ , 

2afi sin^ 9 2bfi cos^ 6 2abfi sin^ 6 cos^ 9 



(2.6) 



where 



a= {r'^ +a'^)j: + a^lism^9, (3 ^ {r^ + b^)j: + iicos^ 9. (2.7) 
The coefficients of the inverse metric are found to be 

^ AE' ^ r^E' ^ E' 



-A-^9^ A J' ^ =eI^ + A > ('-^^ 



^a(r^ + fe^) tv, ^ _At6(rM_a2) ^ ^ab 

AE ' ^ AE ' ^ AE' 



where t = AE + ^(r^ + a^)(r^ + 6^). 

Remark 1 For later reference, we list several identities that will be systematically used in the course of 
the calculations, 

r = AE + M(r' + a')(r-'+6') 
= (r2 -f a2)(r2 + 62)E + (r^ + a2)/3 -f (r^ + 

= {r'^ + a^){r'^ + b^)Y. + a^^lsin^9{r'^ +b'^) + b'^^JiC0S^9{r'^ + a^), 
Y,T^aP- a'^b^^^ cos^ 9 sin^ 9. 
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The vector field T orthogonal to the Ei is collinear to Vt. In the basis associated to the Boyer- 
Lindquist coordinate system, we thus have 



Taking into account the normalization condition g(T,T) ~ —1, we find 



(2.10) 



where 

1^.^^"^-'+^'), 17,^^^^-' + "'). (2.11) 

T T 

Remark 2 Note that the functions ila,^b tend to the constant values uja = i/(^+ + i^) o,nd LOf, — 
b/ {r'^ + b'^) when r tends to r+ (the event horizon) whereas ila, tend to when r — )> cxi. This illustrates 
a remarkable property of Myers-Perry black hole, namely the dragging of inertial frames in both the Lp and 
Tp 2-planes of rotation. The non-zero quantities uJa,i-iJb can thus be interpreted as the angular velocities of 
the black hole horizon. 

We now choose the following local Lorentz frame corresponding to locally non rotating observers 
moving in the (p 2- plane ^j: 



eo 



(2.12) 



The basis of dual 1-forms is given by 



e° = \/^dt, e^^]J^dr, e^^V^dO, = J '^^^^^ ^ (dip-^adt 



= //? 008^6'/,, bii , abii sin^ 

e ' 



(2.13) 



After considerable algebraic manipulations, the exterior differential of the 1-forms {e^} can be expressed 
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^/A /a,.A a^S 9rT\ 1 1 /^eS Serx ^ 2 
cfe = ^ —;— + — A ^ — A e^, 

de^^-l^e^Ae^ 
2I]i 

de^ = ^ A e^, 

, o r sin 6* , „ ^ , r, , r sin 6* , „ ^ , n 9 



2 A „3 



5_ b^{r^ + a'^){drP) COS 6 „ 2&/^ sin6' cos^ 6'%/A(62 - a^) ^ 2 



a6/xVA(ar;3)sin6lcos6l ^ 3 VA / (9^/3) 



e^Ae^ 



(2.14) 



ab^^ cos g sin ^ cot g - ) A + - 2 tan ^ - A 

The spin-connection 1-forms oj^^ are now found from the Cartan's first structural equation (|2.3p as follows 
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_ a/a /l9rA 9rS drT\ Q TSin^ O ^ 3 ^MC?*^ + COSw 5 

_ ^ (de^ deT\ q rsinO ^ ^ 3 biisinO cos^ OV^ib"^ — a'^) 5 



2 



'^5 — ^ — ^ ^ "I 3 — ^ ^ ) 



^ 2Si si 



Tsin6> 1 / ^ /'^'■'^ (^rl3\i ^ abn\fK{dr[3) sin 6 cos e ^2.15) 



1 _ _blji{r^ + a'^){drP) cose g a&A«VA(ar^)sin6'cos6' 3_ /{drl3) _{drY.)\ 5 

9 Tsin0 ^ , n 1 /SeT „ ^ 9^/3 \ o abucos6sm6 / ^ (dgB)\ 
^ ^ = (^^^^) ^° + ^ ( - + 2 cot . - ^) e3 - (2 cot ^ - ^) 

2 6/xsin6'cos^ ^•\/A(6^ — a^) ab cos 9 sva. 9 ( {dgl3)\ 3 
w c = 5 — — e — — ^ 1 2 cot C — — - — e 

1 /(M_2tan.-^M)e^ 

sin cos ^ 1 ab n cos 9 s'm 9 / {dgP)\ 2 

'"^ = 2S:5;V^ ' + 2I]V? i2cot^--^Je. 

We then deduce the local Lorentz frame component Ta from the spinor connection 1-form 

r = Tab^ = (l/4)7V'^As. 

We get 
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To = 7T 



r2 



\/A /9rA dr-Y^ drT\ Q ^ 1 fde^ d0T\ q 2 

7 7 " " 



2rVsV A S r 
6//(r2 + a2)(9^/3)cos6l ^ 



77" + 



2^2 
r sin 6 

2s7s^ 



T smf 



7%' + ^ Z- 7%' + ^::7T3^7'7' ^^^^^^7= 7^7' 



2Et 



Tsmu 
2e7S^ 



0„,3 



7 7 



■7 7 



a&/i cos sin ( 



^ 72cot.-M)) 
2SV^ V p J 



r, = - 



'^^^'^^ /I n ^ 1 ■^sin^ n a 2 1 / ^ ( drl3\ ^ 3 



abfi\/A.{drl3) sin cos ^15 
2I]/3ry7 ^ 
ab^ cos 6* sin 



7^7^ 



2SV^ 



2 cot 61 



7 7 



r. = - 



b^{r^ + a^){dr (3) cose q ^ 6/isin6'cos^ 6'vA(fe^ - a^) g 2 



2rl]2v^ 



-7^7^ + 



-7 7 



+ 



a6^V A((9r/3) sin6'cos6' ^ 3 vA ({drP) 5 

= 7 7 ^ I = — I 7 T 



2I]/3rV7 
a6/i cos 9 sin ( 



2r\/S V 13 



-J 7 7 



(^2cot0-^j7 7 -^(^-2tan0- 



2SV? 

Moreover, the differential part of the Dirac operator (12.5^ is 



(2.16) 



5a = 7^ ^ (ft + nad^ + f^^a^) +7'^ ;^ft + 7'^ft 



+ 7' 



V T sm y V 



a6/i sin 6 



di) +7' 



(2.17) 



f3cos^9 



We are now able to give the expression of the full Dirac equation p.Sp in the particular local Lorentz 
frame (|2.12p . We have 



/3 



T sm 



/ „ aba s\T? 9 ^ \ ^ 



(2.18) 



Pcos'^9 



= 0. 
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Multiplying on the left by we obtain 



L rwT V T V TSinu / 



n Qa6/i\/ASsin( 



AS 



'pr cos 9/ ST ST. 



(2.19) 



Using (|2.16p and the fact that 7^ = — i7''7^7^7'^, we get for the connection term 
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— (7-r.) = .^(^ + — )7V + .^(— + 2cot^ - 2tan^)7V 

VAr sin 6* (Srf^a) 1 ^ -v/r sin0(5er2a) 9 ^ 
I : — ;= ^7 7 - I- j== ^7 7 



4rV^ 



4v^3S 



b^JL{r'^ + a^)^/Acos9{drP) , , 6mA(62 _ a^) cos^ e sin 6* , 5 
i —t:. — ^ 7 7 +i 7^ 7 7 



4rSTy^ 



2STy^ 



a6/iA(5r/3) sin6'cos6' 2 a6/iV A sin 6* cos 6* ^ 
-7 H ^ — 7^^ 7 : 



4r/3TyS 



4r\/S 



(2.20) 



an expression that we abbreviate as 



.,«y^„..r.) -.^{'^^ f ) A- + .0(f + 2c„t. - 2t.„.).V + l'.^ (2.21) 



Hence the Dirac equation becomes 

a,. A drT. 



idt4> = 



z7V^(a. 



4A 4S 



+ ^7°7^/ — f ae + 2 cot 61 - 2 tan 61 + — 
V r V 4S 



<n,-7V^^)a^-<f^. + 7°7 



Q 3 ab^V AS sin 9 q 5 



a^s 
c 

AS 



-VP 



/^T COS 9 



T. ■ /AS- 
Ko + ^"^7 y — — 



(2.22) 



We now further simplify the equation (I2.22p in several steps in order to obtain a synthetic expression 
adapted to our analysis. We can first get rid of some long range terms appearing in (|2.22p by multiplying 
the spinor by the measure density of the hypersurface Yi = {t — const} associated to a "good" radial 
variable. We introduce this new radial variable x such that the principal null geodesies (|1.6p have radial 
speed ±1 with respect to this coordinate. Hence, the " Regge- Wheeler" like coordinate x is defined 
implicitly by 



dx _ (r^ + a^)(r2 + 6^) 
dr ~ A 
Using (|1.5p . we can integrate (I2.23[) to obtain 



1 + ^A- 



^lnfI-^)+^ 

2k- Vr + ri/ 2k_ 



In 



(2.23) 



(2.24) 
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where 



> 0, K- 



r-{r'^ — r\) 
(r2_ +a2)(r2 +52) 



<0, 



are called the surface gravities of the event and Cauchy horizons respectively, and C is any constant of 
integration. Note from (|2.24p that the event horizon {r = r+} is now described by {x = —00}. The 
range of the variable x is then clearly R. 

The measure dvol induced by the metric on the hypersurface S = {i = const} is then 



dvol — 



2AS7 



^da;daj, 



where dw = sin cos 9 dO dip di/' is the standard measure on . We define the spinor density 

which satisfies the same equation as the one satisfied by 4> except that dr and dg are respectively replaced 

by 



4V E 



where 

Hence the Dirac equation becomes 
A 



,4_ (r2+a2)2(^2+52)2 



(2.25) 



idtu 



dr 



drh 

IT 



7(* 



2 cot 61 - 2 tan 61 



4r 



)9^-z(r!fc + 7V 



ab/i vAS sin g 5 



AS 



//Jr cos ( 



(2.26) 



+ Vo+ im-i^ 



AS 



Noting that 



'■[de 



cot ( 



A 

tan dgT 
~2 17 



drh 



r%/A 



(r2 + a2)(r2 + 62) 



cot 9 tan 6* 



we obtain 

idfU = 



i(z7Va:.+i7V 



r\/A 



(r2 + a2)(r2 + h^) 



cot tan 61 



\ rsmb' / V 



AS 



3 ab/i vAS sin g 5 

TyfP ^ ^ ^C0S9 



d„ (2.27) 



+ Vo+ im-i^ 



AS 
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Our goal now is to put the equation in the form idtu = /iDg/i + M(x,9,d^,djij) with Dq a sphericaUy 
symmetric hke Dirac operator and M a short-range (in r) first order differential operator in and 9^. 
We thus introduce the Dirac operator on given in our coordinates by 



and using the identities 



cot 6 tan 



/ smfc' cos( 



-A 



(2.28) 



(r2+a2)(r2+52) 
ar{pr — -y/r) 



br{fir — y/r) 



r^ + a'^ (r2 + a2)2(r2 + 62-)2 



r2 + 62 ^ a2)2(^2 52)2 



we get 
idtU = h 



ib 



(r2 + a2)(r2 + &2) + a 

ar{jir — ^/t) 



2 ""P 



62 



9^ + im 



(r2 + a2)(r2 + 62) 



7 



-(r2 + a2)2(r2 + 62)2 

br{p,r — ^/t) 
(r2 + a2)2(r2 + 62)^ 



'A 1 



T smf 



1 1 I d^u 



n o abuV AE sin 6* r, ^ 
+ 7V— 75^ 7 7 



'A 1 



-VP 



(2.29) 



We shall use the following notations. As usual, we denote by D^, D^p, the differential operators 
—idx, —id^p, —id^ respectively. We introduce the gamma Dirac matrices r° = = — 7*^7"', j = 

1, 2, 3, 5 that satisfy the anticommutation relations 



Finally we denote the different functions appearing in (|2.29p by 

a(x) 



(2.30) 



rVA r'2vA 
(r2 +a2)(^2 + ;,2)' W = mp-p-^yp-^^, 



^2 + 52 ' 



M^(a;,0) 



"(/ir - 77) 



(r2 + a2)2(r2 + 62)2 



/A 1 



T smf 



(2.31) 



M^(a;,6l) = 



br{jir-^) ^3 a6/iVAS] sin 61 , ps,/^ 1 ( 



(r2 + a2)2(r2 + 62)2 



cos 6* V 7^ 



Mo(a;,0) = Vo{x,0) + m\ —{V^ - r)T° , 

V T 

M (x, 9, D^, D^) = M^D^ + M^D^ + Mq. 
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The Dirac equation under Hamiltonian form finally reads 

idtu = Bu, 

B = h{x,0)Bah{x,e) + M{x,e,D^,D^), 
where the reference Dirac operator Dq is given by 

Bo = ^^Dx + aixps-^ + b{x)r° + c^{x)D^ + c^,{x)D^, (2.33) 
with h{x,e), M{x,0,D^,D^), a{x), b{x), c^(x), c^{x) as in (P?^ and (P3T|) . 

3 Spectral properties of the Dirac Hamiltonian 

3.1 Self-adjointness 

In this section, we start studying the basic properties of the Hamiltonians Dq ^-nd D such as their self- 
adjointness on a certain domain that we shall describe. 

First of all, let us define precisely the Hilbert space framework for our analysis. Thanks to the weight 
we have introduced on the spinor, the Hamiltonians Uo and D act naturally on the Hilbert space 

n = L^{Rx S^,dxduj;C^), (3.34) 

where w denotes the angular variables {9, ip, ip). 

To proceed further, we need to know the asymptotic behaviors of the different functions appearing 
in the definition of Do a-nd D. To do so easily, it is useful to have an abstract analytic framework in 
which the behaviors of these different functions can be read off immediately. Since we work now using 
the " Regge- Wheeler" variable x and that all the functions in ()2.31|) are expressed in the radial variable 
r, we need the asymptotic behavior of r in function of x. From (|2.24p . we see that 

r ~ a;, x +oo, 

(3.35) 

r - r+ = 0(e2''+^), x ^ -oo. 



Note in passing from (|1.5p that 



A(r) x'*, X — > +00, 

\ (3.36) 
A(r) = 0(e2«+^), x^-oo. 



This leads us to introduce the following classes of symbols for the functions defined on the hypersurface 
So = X S*-^. Denoting (1 + x^)2 by (x), we define 

S-™ = {/ e C°°(Eo), Va e N,/3 G N^ d'^d^f{x,uj) € 0((a;)"-"), |a;| ^ +oo}. (3.38) 
Note the following obvious properties for these spaces 

(m) 9^ : S""'" — ^ 5'm-a,«^ ^ ^3 gg^ 

{Hi) : 5""^ S-"'", \/p e N. 
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To make the link between the x and r variables, we also define for the functions defined on the hypersurface 
So = (r+, +00) X the space 

n- = {/ g C-(So), Va € N,/? e d^d^fir,Lo) e I o[S)|'7^^;^_^ }}■ (3.40) 

We shall use the following result whose proof is identical to the one given in [32] (Lemma 9.7.1) 
Lemma 1 

(*) f{r) e n™ =^ f{r{x)) e 5™^°, Va e N*,a:/(r(a;)) G 5™-"'-^, ^ 
(z*) /(x) e g(r) e ^^ =^ /(x)g(r) e 5™+'='". 

As a first consequence, we see from (13.361) that 

AeS^'-'\ ^/AeS^^-^. (3.42) 

Let us now give the asymptotics of the functions appearing in the Hamitonians Dq smd D. We start with 
the functions a, b, Cip, c,p (depending only on the radial variable x) used in the definition of Do. We have 



Lemma 2 



(i) a(x) e S-^'-\ 3e > 0,Vj G N, (a(x) - G OHx)-^-"-^), x +00, 

3a_, a{x) - a_e'^+^ G 0(63"+^), x -00, 
(m) 6(a;) G 6'(x) G S^^.-i, {b{x) - m) e 0{(x)-^), x ^ +00. (^.43) 

(m) c^(a;) G S-^-°, c'^(x) G S'-4^-^ c^(x) - uja e 0(e2«+), a; -> -00, 
(iw) c^(x) G 5*^^'°, c^(x) G 5"'''"^, c^(a;) - Uf, e 0(6^"+), a; ^ -cx). 

Hence the potential a is exponentially decreasing at the event horizon and of Coulomb type at infinity. 
The potential b is also exponentially decreasing at the event horizon and tends to m at infinity. Note that 
the difference between b and m is of Coulomb type at infinity. Finally, the potentials Cip and decay 
as {x)~^ at infinity and tend to the constants uJa — ^-i = at the event horizon but the 

differences between and uja and and Wf, decay exponentially at the event horizon. 

We now turn our attention to the function h{x,6) and the differential operator M{x,9, D^p, D^i,) 
appearing in the Hamiltonian D. We have 

Lemma 3 

(i)h>l, h-1, -le S-^'-\ deheS-^'-^, 

(3.44) 

(a) ^11,171 £ Tj, Mi,j{x,9,n,m) £ S ' , i,j = l,...,4. 



The function h(x^ 9) is always greater than 1 and the difference between h and 1 is exponentially 
decreasing at the event horizon and decays as at infinity. Hence, ft — 1 is short-range at both ends 

of the exterior region. Also, the differential operator M[x, 9, D^, D^) when decomposed onto the angular 
modes {e™'^e*™'^}„^mGZ is a matrix- valued function whose components are short-range, exponentially 
decreasing at the event horizon and decaying as {x)~'^ at infinity. 

We shall use Lemmas [2] and [3] as follows. Since the exterior region of a 5D Myers-Perry black hole 
possesses a bi-azimuthal symmetry with respect to the variables ip and ip, it will be enough to study 



14 



the spectral properties of D on each angular modes {e™'^e*™'''}„^g i^^- Denoting by D"™ and Dq™ ^^e 
restrictions of D and Dq on these angular modes, we find 

B"™ = h{x, 0)D^^"'hix, 0) + M{x, e, n, m), (3.45) 

with 

pnm = r^D^ + a{x)]D)s3 + b{x)T" + nc^{x) + TOc^(a;). (3.46) 

Note that we kept the full Dirac operator D53 on in the expression of D"™ and Dq™ since our aim 
is to compare D with a spherically symmetric Dirac operator. The interest in the expressions (j3.45p 
and (I3.46P is that the terms involving 9^ and can now be treated as potentials. Moreover, using the 
decomposition 

= DJJ™ + {h- 1)©^^" + ID^'^ih -l) + {h- l)DJ^"(/i - 1) + M{x, e, n, m), 

and using Lemma [31 the Hamiltonian D restricted to each of the angular modes {e^^'^e^"^^}^ ms^+z can 
be viewed as a short-range perturbation of the Hamiltonian Bq restricted to the same angular modes. 
The latter is the restriction of a spherically symmetric Dirac operator for which we shall be able to use 
a decomposition onto suitably chosen spherical harmonics to deduce its spectral properties. 

The operators D"™ and Dg™ will be thus the operators at the heart of our analysis. From now on, we 
shall assume that these operators act on the full Hilbert space H as follows: we make the parts of D"™ 
and Dq™ involving D53 act on H in the natural way on H whereas we still consider the parts of D"™ and 
Dg™ involving the angular modes n and m as potentials. To avoid confusion, we denote H and Hq the 
extension of D""* and Dq™ respectively for given (n, to) e i + Z. We shall write concisely 

H ^ h{x,9)Hoh{x,9) + M{x,e), Ha ^ + a{x)Bs3 + b{x)r° + c{x), (3.47) 

where c{x) — nc^ (x) + ma^ (x) . It is important to keep in mind that Hq and H only coincide with Dq™ 
and D"™ on the particular modes e™'''e*™'^. In what follows, we shall study the spectral properties of 
Hq and H and shall be able to obtain equivalent assertions for Bg and D simply by restriction to given 
angular modes. 

When dealing with the Hamiltonian Ha, we can use a decomposition onto well-chosen spin- weighted 
spherical harmonics that " diagonalizes" the Dirac operator D53 on to simplify the Hamiltonian. 
Precisely, we shall use constantly the following result 

Lemma 4 The Hilbert space % can be decomposed onto a Hilbert sum 

n= Hinm, C^{{l,n,m), ZeN*, (n,TO)e i+Z}, 

where the Hinm 's are subpaces ofH, isometric to L^(R, dx] C^), which are let invariant through the action 
of Ha- Moreover, the restrictions of Ha to Hinm o,i"e 

jjlnm ^ j^ln^m ^ pl^^ ^ Xlnma{x)r^ + 6(x)r° + c{x) . 

Here, the Xinm € {§, f, ■•■} a^e the positive eigenvalues 0/D53. 
Proof. See Appendix [Xj <) 

We can use this Lemma to prove 
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Proposition 1 The Hamiltonian Hq is self-adjoint on % with domain 

D{Ho) = {uen, \\Houf <cx^} = {uen, u= J2 (lk/nm|l' + llffo"'"w;«m||') < 

As a consequence, Dq is self-adjoint on "H with domain 

i?(Do) = {ueH, ||DoM|P<Oo}={ueH, ti= 12 {\Wlnrn\\^+\\K""uinm\\^) <^]. 

Proof. The Hamiltonian Hq being spherically symmetric, it is enough to study iJg"™ on each Hinm- 
But 

^Inrn ^ pl^^ ^ Xlnma{x)r^ + b{x)T° + c{x) , 

where the functions a{x),h{x),c{x) are bounded by Lemma [21 By the Kato-Rellich Theorem, for each 
{l,n,Tn) £ C, _ffg"™ is self-adjoint on T-Linm with domain 

This gives the the result for Hq. Since Hq and Dq coincide on a given Hnm the restriction of H to the 
angular modes e^'^e*""^, we deduce that Dq™ is self-adjoint on Hnm with its natural domain. Since this 
can be done on each Hnm , the second assertion is proved. <) 



To study H and D, we need 

Lemma 5 1) h{x,e)D{HQ) = D{Hq) and h-\x,e)D{Ho) = D{Hq). 
2) h{x, 6i)D(Do) and h-^{x, 9)D{Bo) = L»(Do). 



Proof. Let u E D{Hq) C H. Since /i, dxh, dgh are uniformly bounded according to Lemma[31 we have 



\Hoihu)\\ = 
< 



{T^Dx + a{x)T^De)h]u + h{Hou) 
C{\\u\\ + \\Hou\\) < oo 



Hence hu G D{Hq). Note that the same argument gives h^^u £ D{Hq). 

Conversely, let v £ D{Hq) et set u = h~^v. Then u e D{Hq) from the argument above and hu 
The first assertion is thus proved. The proof for Dq is clearly the same. We omit it. ^ 



Corollary 1 hH^h is self-adjoint on H with domain D^hHoh) = D{Hq). 
2) hUioh is selfdjoint on H with domain D{h^oh) = D{B)q). 

Proof. The operator {hHoh, D{Ho)) is clearly symmetric according to Proposition [T] and Lemma [5l 
Let us prove that D{{hHoh)*) = D{Ha). Suppose that D{{hHoh)*) contains strictly D{Ho) et let 
V e D{{hHahy) \ D{Hq). Then, there exist r] eH such that 

{hHohu,v) = {u,ri), VmG D{Hq). 

Since the operator of multiplication by is a bounded self-adjoint operator on H with inverse we 

get 

{Hohu,hv) = {hu,h-'^), Vue D{Ho). 
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But if = hu (z D(Hq) by Lemma [5] and — hv <^ D{Ho) by definition of v. Tlien, tliere exists r/ G H 
such that 

Thus tjj G D{Ho)* = D{Ho) which contradicts our assumption. 
The proof for /iDq/i is identical. 

We now can conclude to the self-adjointness of H and D with their natural domains. 

Proposition 2 1) H is self-adjoint on H with domain D{H) = {u eH, WHuW^ < oo} = D{Ho). 
2) ID) is self-adjoint on % with domain 

D{B>)={uen, \\Duf <O0} = [uen, U= Ulnm. ^ (|| || ^ + j | || 2 j < oO } . 

Proof. The proof is obvious for H by the Kato-Rellich Theorem and the fact that the potential 
AI{x,6,n,m) is bounded for fixed (n,m) € ^ + Z. Hence, we conclude that D"™ is self-adjoint on 
'Hnm the restriction of V. to the angular modes e™¥'e*""^ with its natural domain. Since this can be done 
for each T-Lnm, n,m £ i + Z, the second assertion follows. <) 

Finally, thanks to Proposition [21 the solutions of the Dirac equation (|2.32l) can be written using the 
evolution e^*™ as u{t) = e^^^^uo where uq E H is any initial data on the hypersurface Sg- 

3.2 Local energy decay I 

We begin this section by collecting some standard results useful for the later Mourre analysis and for our 
first version of local energy decay below. We first give a compactness criterion for operators of the form 
f{x)g{HQ) as well as f{x)g{H) where f,g are functions decaying at infinities. To do so, we need a better 
description of the domain D{Ho) = D{H). By the same argument as in [34], we know that 

D{H) = D{H„) C HU^o; C^). (3.48) 

Then we have the standard compactness criterion 

Lemma 6 // / = fij,g G Coo(R), then the operator f{x)g{Hf)) and f{x)g{H) are compact on %. 

As a consequence of Lemma [6] and of the HelfFer-Sjostrand formula [TQ, we also have 

Corollary 2 //x G C(f (R); then the operator x{H) — x{Ho) is compact. 

We shall also need in the next section the following resolvent estimates whose proof is identical to the 
one in [34]. There exists a constant C such that for any u G D{Ho), 

\\a{x)Bs^u\\<C{\\Hou\\ + \\u\\), 

(3.49) 

\\r'D,u\\<Ci\\Hou\\ + \\u\\). 

The same estimates remain true if we replace Hq by H. 

At last, we state an important property of domain invariance for Dirac operators only (see [50]). 
Precisely, the domains D{{x)"), n E N are stable under the action of the resolvents of Ho and H. 
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Lemma 7 LetneN, z eC\ a{H) and x e ^^"(R). Then 



x{H)D{{xyn C Dim. ^ ■ ' 

Moreover, the estimates iS. 50\) remain true if we replace H by Hq . 

We now start our study of the spectral properties of the Hamiltonian B. From Appendix [Al we know 
that the spectrum of D is purely continuous, i.e. crpp(]D)) — 0. This fact together with the compactness 
criterion above entails 

Proposition 3 Let x ^ C'tT W- Then, for all u^U, 

^ £jxix)e-''°ufdt ^ 0. 

Proof. By a density argument, it is enough to prove this result for D"™ — iJ"™, the restriction of D 
onto each of the angular modes l^gi'^v^tniip^^ n,m G 5 + Z. But, the spectrum iJ"™ is clearly also purely 
continuous and from Lemma [SI the operator + i)~^ is compact. Hence, the result follows 

directly from the RAGE Theorem (see for instance 07]). <^ 



4 Mourre theory 

In this section, we prove the absence of singular continuous spectrum for the Hamiltonian H defined in 
p.47p by means of an application of the Mourre theory. Since this Hamiltonian coincide on each angular 
modes |e™'^e™'^}, n,m G ^ + Z, with the Hamiltonian D"™, we shall conclude that the spectrum of D 
also contains no singular continuous spectrum and thus, is purely absolutely continuous by Proposition 
131 Using this fact, we prove the weak local decay energy stated in Theorem [T] by a simple application of 
the Riemann-Lebesgue Lemma. 

We begin this section recalling the basics of the Mourre theory. To determine then a locally conjugate 
operator for H, we use the construction of [T^ where the same problem was studied in the case of the 
4-dimensional Kerr-Newman metric. It turns out that the expression of the Hamiltonian H given in 
p.47p enters exactly in the analytic framework studied in [12], except that the Dirac operator of the 
2D-sphere S*^ is now replaced by the Dirac operator Bga on the 3D-sphere. For the convenience of the 
reader, we reproduce the proof with the slight necessary modifications due to the dimension. 

4.1 Abstract Mourre theory 

In this section, H denotes any self-adjoint operator on a Hilbert space H. Mourre theory is a powerful 
tool to study the spectral nature of H. Its principle consists in finding a self-adjoint operator A on H so 
that the pair {H,A) satisfies a set of assumptions which we now recall (see |41j). 

(Ml) e-'*^D{H) C D{H). 

(M2) i[H,A] defined as a quadratic form on D{H) n D{A) extends to an element of B{D{H),H). 

(M3) [A, [A,H]] well defined as a quadratic form on D{H) n D{A) by (ii), extends to an element of 
B{D{H),D{H)*). 
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(M4) Let / C M an open interval. There exists a strictly positive constant /i and a compact operator K 
such that 

li{H)i[H,A]li{H)>eli{H)+K. (4.1) 

The fundamental assumption here is the Mourre estimate ()4.1|) . Its meaning is that we must find an 
observable A which essentially increases along the evolution e~**^. The other conditions are more tech- 
nical and turn out to be difficult to check directly in the case where A and H are unbounded self-adjoint 
operators having no explicitly known domains. We give below some useful criteria to verify them. If 
the pair (i?, A) satisfy these assumptions then we say that A is a conjugate operator for H on /. The 
existence of a conjugate operator provides important informations on the spectrum of H . Precisely, we 
have (see for example [2]) 

Theorem 2 Let H, A be self-adjoint operators on %. Assume that A is a conjugate operator for H on the 
interval I . Then H has no singular continuous spectrum in I . Furthermore, the number of eigenvalues 
of H in I is finite (counting multiplicity). 

Let us now give some details concerning the conditions (Ml), (M2) and (M3) of Mourre theory. One 
of the difficulties in Mourre theory consists in working with commutators ^] (see (M2)) between 
unbounded self-adjoint operators. One has to be careful when dealing with such quantities since D[H) 
and D{A) may be unknown or have an intersection which is not even dense in %. Similarly, the assumption 
(Ml) is not easy to prove since the action of e**'^ may also be unknown. Therefore, it is useful to have a 
different set of criteria. Let us first define the class of operators {A) introduced in . 

Definition 1 Given a self-adjoint operator A, we say that a self-adjoint operator H belongs to C^{A), k € 
N, if and only if 

(ABG) 3z e C \ n{H), s e'^'^iH - z)-^e-'''^ e C'=(IR,; SCH)), 

for the strong topology of B{'H). 

It is shown in [2| that one can replace the assumptions (Ml) and (M2) by the unique assumption H € 
{A) without changing the conclusions of Theorem [51 Roughly speaking, this condition allows for the 
following equality 

[A, {z - H)-^\ = {z- li)-\A, H]{z - H)-\ 
to make sense on T-L. From e C^(^) is equivalent to 

(i)' 3zeC\ a{H), [H - z)-^D{A) c D{A), [H - z)-^D{A) c D{A), 
(ii)' \{Hu,Au)- {Au,Hu)\<C{\\Huf + \\u\\^), Vu e D{H) n D{A), 

which is similar to the conditions (Ml) and (M2). Nevertheless, they remain complicated to check when 
the domains of H and A are not explicitly known. One way to remedy this problem consists in finding 
first a common core for H and A. This procedure is described in [27]. We only recall the two results we 
shall need. 

Lemma 8 (Nelson) Let N > I a self-adjoint operator on T-L. Let A a symmetric operator on "H such 
that D{N) C D{A). Assume that 

\\Au\\<C\\Nul VueD{N), 
liAu, Nu) - {Nu, Au)\ < C\\Niu\\^, Vm e D{N). ^ ' ' 

Then A is essentially self-adjoint on D{N). Furthermore every core of N is also a core for A. 
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Lemma 9 (Gerard, Laba) Let H, Hq and N three self-adjoint operators on % satisfying N > 1, 
D{H) ^ D{Hq) and {H -~ zy^D{N) C D{N). Let A a symmetric operator on D(N). Assume that Hq 
and A satisfy the assumptions of Lemma\^and 

\{Au,Hu)-{Hu,Au)\<C{\\Huf + \\uf), Vu G D(A^). (4.3) 

Then we have 

• D{N) is dense in D{A) n D{H) with the norm \\Hu\\ + \\Au\\ + \\u\\, 

• The quadratic form i[H,A] defined on D{A) D D{H) is the unique extension ofi[H,A] on D{N), 

• He C\A). 

The operator N above is called a comparison operator. When the assumptions of Lemma 12] are satisfied, 
it is enough to compute the commutator i[H,A] as a quadratic form on the common core D{N) or on 
any core of N. We finish this brief presentation of Mourre theory by an interesting observation. The 
condition H S C^{A) together with the condition (M2) imply the condition (Ml) thanks to a result due 
to Gerard and Georgescu [25] 

Lemma 10 Let H and A two self-adjoint operators such that H G C^{A) and i[H,A\ E B{D{H),T-L) 
then e'^'^DiH) C D{H) for all s S M. 

The choice of a locally conjugate operator for Hamiltonians H like (|3.47p is not straightforward. 
Recall indeed that the evolution described by H can be understood as an evolution on a Riemannian 
manifold (given here by Sq = l^x x S^) having two different ends. At infinity, the metric on Sq tends 
to the fiat metric. Therefore, we can use the usual generator of dilations there. At the event horizon, 
this metric is exponentially large and the choice of a conjugate operator turns out to be much more 
complicated. Analogous situations have been studied before, first by Froese and Hislop [23] in the case 
of a second-order-elliptic Hamiltonian, then by De Bievre, Hislop and Sigal 16 for the wave equation 
on classes of non-compact Lorentzian manifolds with several asymptotic ends which are perturbations 
of particular simple geometries and more recently by Bouclet [S] for the Laplacian on asymptotically 
hyperbolic manifolds. Closer to our model, Hafner and Nicolas [34 treated the case of massless Dirac fields 
in a Kerr background, work that was generalized to massive Dirac fields in a Kerr-Newman background 
in [12]. The latter two models are in fact almost identical to ours and we shall use here the construction 
of a locally conjugate operator given there. 

4.2 Locally conjugate operator for D 
4.2.1 Preliminaries 

In order to separate the problems at the event horizon and infinity, we define two cut-off functions 
j± e C°°{R) satisfying 

j-{x) = 1, for X < -, j-{x) = 0, for x > 1, 

3 

j+{x) — 1, for X > 2, j+{x) — 0, for ^ 1^ 2' 

In this definition, the support of j_ must contain (—00, 0] whereas the support of j+ only has to contain 
a neighbourhood of +00. Now, for 5 > 1, we set 

(x, Bss ) ^ (X + .;4n 1 ) £ ( " + "+'^^" ' ) , R+{x)^xjI{^). 
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We define the local conjugate operators , by 

A_ = R_ix,Bs3)r\ A+ = ^iD,R+{x)+ R+ix)D,). 

At infinity, the conjugate operator is like a generator of dilations whereas at the horizon, A- is the 
locally conjugate operator introduced in [T^]. The true conjugate operator A will be the sum or the 
difference between A_ and depending on the energy interval we consider. Precisely, let x G C'^(M) 
such that suppx is included in one of the intervals (— cx),— m), (— m, +to), (+m, +cx)). Then we define 
the conjugate operator A^ on supp x by 

A^ = A^ + when suppx C +oo), 
A^ = A^ — when suppx C (—00, — m), 
A^ = A_ when suppx C (— m, +rn). 

We will prove the assumptions (Ml) to (M3) for A — A_ + A^. The other cases are analogous. 

Before starting with the proof, we simplify some notations. In what follows indeed, we shall use 
extensively the decomposition onto generalized spherical harmonics for the Dirac operator D 53 introduced 
in Lemma m Recall that on each Hilbert space T-linm, the operator Hq reduces to 

^ln,n ^ pl^^ ^ Xlnma{x)T^ + bix)T° + c{x) , 

where Xinm G {|,|,|,...} are the positive eigenvalues of D53. Since i/p"™ only depends on A/„m and for 
ease of notations, we shall gather all the indices (l, n, m) corresponding to the same eigenvalues Xinm — k. 
Recalling that there exists only a finite number of combinations of (Z, n, m) such that Xinm = k, we thus 
introduce in a natural way a new decomposition of the Hilbert space H, in the form 

fce|+N (l,n,m)/ A, „„,=?£ 

such that 

H^=Hq\Uu =T^D^ + ka{x)T'^ + b{x)T'^ +c{x). 

Let us now study the operator R^{x,J3g3) appearing in A_. On each Hilbert space 'Hfc, it reduces to 
multiplication operator R-{x, k) where fee | + N. We have 

Lemma 11 For all S > 1, 

\R-{x^k) \ < C{x), uniformly in fc, 
\R^i^\x, k)\ < C, uniformly ink, i — 1,2. 

As a consequence, the domains of the operators R-{x,I]>s3) and A- contain D{{x)). Moreover, if ji G 
C°°(K) satisfies ji{x) — 1, for x <1 and ji(x) = 0, for x > ^, then 

R^\x,Bs3) - R^1>{x,Bs3)jU^), I = 0, 1,2. 

Proof. The operator R-{x,k) is a translation by K^^ln|fc| of the operator of multiplication xjti^)- 
Since > |, we have 

x < x + \n\kl Vfc. (4.4) 
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Therefore, on suppj^ we have 

X < X + k'^^ In |fc| < S, 

and thus 

|a; + K;Mn|fc|| < niax(S', < C(x), V/c. 

This proves the first assertion. 
Now we have 

R^y ix, k) = f_ ( " + "+'^"'^' ) + (fL±^^i!L^) )' ^_±^^^^ 

Since supp{j^) is compact, the second assertion holds. 
FinaUy, it is immediate from (14. 4p that 

Vfc, . = 0,1,2. 

This concludes the proof of the lemma. <) 

We shall now prove that the Mourre assumptions (Ml) to (M3) hold for {H,A). We first define the 
comparison operator 

N ^Dl + a^{x)Bl, + 

where a{x) is the potential in front of D53 in the definition of H. By the same proof as in [34], we 
can characterize the domain of N by D{N) = D{H'^) n D{{x)'^) = D{Hl) n D{{xY). From this and 
Proposition [7l we have for any z e C \ cr{H), 

{H - z)-^D{N) C D{N). (4.5) 

We also state some useful estimates (immediate from the definition of N): for u e D{N), 

\\D.^u\\ <C\\N^u\\, ||a(a;)D53u|| < C||iV5u||, < C||iV^u||. (4.6) 

Our first result shows that the pairs of Haniiltonians {A±,N) and {Hq,N) satisfy the hypotheses of 
Lemma [8] above. Precisely, we have 

Lemma 12 {A±,N) and {Hq,N) satisfy the hypotheses of Lemma\^ In particular, the operators A± 
and Hq are essentially self-adjoint on D{N). 

Proof. We first consider the pair {A±,N). By Lemma [TTl D{N) C D({x)) C D{A^) and for any 
u e D{N), we have 

\\A^u\\ < C\\{x)u\\ < C\\Nu\\. 
Hence, it remains to show that |(u, A^]u)| < C||iV5u||2. But, using Lemma fTTl and (|4.6p . we have 

|(u, [A^,N]u)\ < 2\{D^u,r'l\x,I])s3)T^u)\ < C\\u\\\\D^u\\ < C\\N^u\\^. 

The proof for is identical to that given in [34 . We omit it. 

Let us now consider the pair {Ho,N). Using (|4.6p . we have for any u E D{N) 

\\Hau\\ < \\D^u\\ + \\a{x)Bs3u\\ + C\\u\\ < C\\Nu\\. 
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Moreover, 

\{u, [Ha,N]u)\ < 2(\{u,T^a' ix)a{xplsu)\ + \{u,T^xu)\ + \{D.^u,a' {xps3u)\ 
+ \{D^u,b' {x)u)\ + \{D^u,c'{x)u)\y 

Now remark that there exists a constant C such that \a {x)\ < C\a{x)\. Hence we have 

[Hq,N]u)\ < c(\\aix)Bs^u\\^ + \\u\\ \\xu\\ + \\D^u\\{\\a{x)Bs^u\\ + ||u||)), 

This proves the assertion. <^ 

Lemma 13 H E C^{A). Moreover, the commutator i[H,A] belongs to B{D{H),7i). It follows that the 
assumptions (Ml) and (M2) of the Mourre theory are satisfied. 

Proof: Thanks to LemmafT^ it suffices to show that \{u,i[H, A±\u)\ < C(||i7M|p + ||u||2) for all u g D{N) 
in order to apply Lemma [9l We only prove it for A- since the proof for A+ is identical to that given in 
[34] , We first calculate i[iJo,^-]- We have 

i[HQ,A^] = i?'L^(a;,I])s3) + 2w(a;)i?_(x,]D)sO%-^r^ + 2ih{x)R^{x,J])s:^)T^T^ . 

Let u £ D{N). By Lemma [TT| we estimate the first term by Dga)?/!! < C||u||. We can estimate 

the second term by 

\\aix)R.{x,Bss)Bssr\\\ < || "^""^ ~ °r^^^^ \^(|)i?-(x,Bg3)||||a(x-)ID)g3(go + »r^||||(go + ^Hl 

a[x) b ^^^^^ 

+ |la_i?_(x,D53)e''+(-+''"'"l»s3l)^ri7.||. 

\Bs3\ 

Observe that || "^"^^^"'^^ ^ j^(^)-R_(a;,Dg3)| is bounded thanks to Lemmas and [TTl Furthermore, 

\\a{x)Bs3{Hn + i)-'^\\ and ||i?_(x,]D)sOe''+^''"^''+' ''''"'"'^11 are bounded by the resolvent estimates ((OQI) 
for the former and by definition of R^{x,]S)g3) for the latter. Hence, we get 

\\a{x)R^{x,Bs3ps3r^u\\ < C{\\Hou\\ + \\u\\). 

Finally, the last term is estimated as follows 

\\b{x)R-{x,Bs3)r^r'u\\ < C\\b{x)j!{^)R^{x,Bs3)\\\\u\\ < C\\ul 

again by Lemma [2] In summary, we have 

i[Ho,A^]<Cmou\\ + \\u\\). 

We now estimate i[H,A^]. We have i[H,A-] = hi[Ho, A^]h + i[M,A^]. Since h is bounded as an 
operator from D{H) = D{Hq) into itself, the first term belongs to B{D{H),'H) by the previous estimate. 
Moreover, since M G S~'^{M.) according to Lemma[3l the remaining term i[M, A_] is clearly bounded by 
Lemma [TT] This concludes the proof of the Lemma. <) 
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Lemma 14 The double commutator [i[H, A], A] extends to a bounded operator in B{D{H),'H). 

Proof: Wc first estimate We liave 

[i[H,AJ\,A^] = h[i[Ha,AJ\,AJ\h+[i[M,AJ\,AJ\. 

Tlie second term is clearly bounded since M G S^"^ and A_ is bounded from D{{x)) to H. Moreover, 
the first term 

[i[Ho,A^],A^] = 4ia{x)R'^_{x,]Dis3)Bs3 + 4ib{x)Ri{x,Bs3)T° , 

is bounded from D{H) to H by the same argument as in the proof of Lemma fT3l 
Now we estimate We have 

[i[H,A^],A+] = (^i[h,A+][Ho,A^]h + h.c.'^ + h[i[Ho, A^], A+]h + [i[M, A^], A+], (4.8) 

where h.c. denotes the hermitian conjugate of the quantity on its left. Since = —R^{x){dxh) £ 

by Lemma [21 the first term in (|4.8p is bounded from D{H) to H by Lemma [T51 From the exact 
expression of i [Hq , A„ ] , the second term in (14. Sp is written as 

[i[Ho,A^],A+]=iR+ix)R^^\x,Bs3)-2{aix)R^ix,Ds3)Y'''R+{x)Bs3T' ^^^^ 

- 2{b{x)R^{x,Ds3)Y^'' R+{x)T°. 

Recall that R^^\x, Ds^) — R'i!^\x, D53)j^(^), Vi = 0, 1, 2 by Lemma [TT] We can assume that the function 
j+ has been chosen such that suppji n suppj^ = 0. Hence, (|4.9p vanishes. Finally, since [M, A^] E S^^, 
the last term in (14. 8p is also bounded from D{H) to T-L. 

Similarly, A_] is bounded from D{H) to %. The same result holds for (see 

my 

In conclusion, we have proved that the pair of self-adjoint operators {H, A) satisfies the technical 
assumptions (Ml), (M2) and (M3) of Mourre theory. It remains to check that the Mourre estimate (|4.ip 
holds on suitably chosen intervals. 

4.2.2 The Mourre estimate for iH,A) 

The strategy in this section is the following. We first establish Mourre estimates between Hg and A- 
(resp. Hq and A+). The main difficulties arise with the part of the proof concerned with A-. We shall 
use here several technical results from |34j which hold true in our model. Since they are instructive, short 
proofs will be sketched in the course of the calculations. The full results can be found in Section 5.5 
of |34) . Finally, we will show that the remaining term involving H — Hq is compact on H and thus is 
negligible (in the sense of Mourre theory) . 

Mourre estimate for {Ho,A^): When working at the horizon of the black hole, it is convenient to 
introduce the operator 

He — T^Dx + a^e^+^Bg3 + c_, c_ = nuja + muji,, 

which corresponds to the formal limit of the operator Hq when x — )■ — oo (see p. 471) and Lemma [2]). Let 
us recall some basic properties of H^ (see Sections 3.2 and 5.5 in [31]). On each reduced Hilbert space 
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Tik with fc e I + N, we denote this operator and we have D{H^) = {u e Hk, H^u e Hk} its natural 
domain. Then the following properties hold 

Resolvent estimates : Vu G D{H^), max(||riL>^u||, Ijfce'^+^r^Mll) < C{\\H^u\\ + ||u||j(^.10) 



self-adjointness : (ifg, £'(iJg)) is self-adjoint on "Hfc, (4-11) 

Characterization of the domain : D{H^) C [H^{R)]'^, (4.12) 

Compactness criterion : V/, geCoo(K), is compact, (4-13) 

Spectrum : iJ^ has no eigenvalue i.e. app{H^) — 0. (4-14) 

We also denote D{He) = {u = Y, "fc, Wfe G D{H'^), I](ll-ffe "11^ + < the domain of H^. We have 

Resolvent estimates : \fueD{H^), max(||riL>^w||, lle^+^BsawH) < C(||iJew|| + (4.15) 

self-adjointness: (iJg, Z?(i?e)) is self-adjoint on "H. (4.16) 

Let us state three results which will be useful later. 



Lemma 15 Let x G ^'^(M) and j G C°°(M) a cut-off function at the horizon, i.e. j — 1 on a neighbour- 
hood of —oo and j — on a neighbourhood of +oo. Then j{x){x{Ho) ~ x{He)) is compact on %. 

Proof. We use the Helffer-Sjostrand formula (see for instance p5l). We obtain 

3{x){x{Ha) - x{He)) = ^ I d,x{z)3{x){z - Ho)-\Ho - H,){z - H,)-'dz A dz, 

where x is an almost analytic extension of x- The integral converges in operator norm in view of the 
inequality 

\\jix)iz - Ho)-HHo - H„)iz - JJ,)-i|l < Cjj^, 

and thanks to the properties of x- Hence, it is enough to prove that the operator under the integral is 
compact. But 

jix){z - Ho)-'{Ho - H,)iz - H,)-^ - (z - Ho)-'j{x){Ho - H,){z - H,)-' 

+ i{z-Ho)-'f{x)r\z-Ho)-\Ho-He){z~He)-\ 

Using that j{x){HQ — H^) ~ j{x)(^{a{x) — a_e''+'^)D53 + b{x)T° + {c{x) — c_)), both terms are compact 
by Proposition [5] and the standard compactness criterion Lemma [51 

Lemma 16 Let /, x e Coo(R). Then 

f{x + In |fc|) x(^e ) is compact on Hk- (4.18) 

Moreover, for any A G R and e > 0, there exists d > such that 

\\f{x + K:^^\n\k\)l[Xo-5,\o+S]{H!:)\\ < e, uniformly in k. (4.19) 

Proof. For any k, the function g{x) := f{x + K^^ln|fc|) belongs to Coo(R)- Hence the compactness of 
f{x + In |fc|)x(i?e") follows from Bljll . 
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In order to prove ()4.19p . let us introduce the unitary operator U'^ — e '"I'^'l^^. Conjugating the 
operator in (|4.19p by U'^, we have to show that for S small enough 

ll/(a^)l[Ao-5,Ao+5](r'i?. + a-e^+"r2 + c_)|| < e, uniformly in k. (4.20) 

Clearly, the operator in (|4.20p is independent of k and is compact by (|4.18p . Hence the result follows 
from (|??Ti)) . ^ 

This lemma immediately yields the following "smallness-result" 

Corollary 3 Let f G Coo(IR) and Xq G M. Then for any e > 0, there exists 5 > such that 

\\f{x + In |Ds3 |)l[A„-5a„+5] {He)\\ < e. 

Having recalled these technical results, we turn now our attention towards obtaining a Mourrc estimate 
for (i?o,A-). 

Lemma 17 Let Aq G M. Then there exist a function x € ^'(^(If^) with suppx containing Xq, a strictly 
positive constant e and a compact operator K on H such that 

xiHo)i[Ho,A^]xiHo) > exiHo)jf{^)x{Ho) + K, 

for S large enough. 

Proof: Recall that 

i[HQ,A^] = r''_1\x,Ds3) + 2ia{x)R-{x,Ds3)I])s3r^ + 2ib{x)R^{x,Bs3)T°r^ . 

Let us choose x G C'5*'(M) such that suppx contains Aq. We decompose x{Ho)i{HQ, A-\x{Hq) into the 
sum of four terms 

x{Hq)i[Ho, A_]x(i?o) ^h+h + h + 

where 

h = x{Ho)3l{^)x{H,) 

/4 - x(i^o)|2i^^^^^^^i?-a(:r)©s3ri+2*6(x)i?_rOri|x(i/o). 
I. a{x) J 

The term £4 is compact on %. For instance, let us treat the first term in 14. We can write it as 

-2^(x(go) °^•''^ ~°-'^^% -4^(|)(x))((a:)-^j?,(a:,Dg3)ri)(a(x)Ps3x(go)). 
Using Lemma [21 we see that the function ^ ii(§)(^) vanishes at both x = ±00 and thus 

a{x) S 
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is compact by Lemma [6l This implies the compactness of the full term since {x)~^ R-{x,Il)s^)^^ ^iid 
a{x)3ssx{Ho) are bounded by Lemmas [TT] and (|3.49p . The other term in J4 is treated similarly. 
Thanks to Lemmata 1111 and 1151 the term I3 can be written as 



X(i?e)ji(|){/s(x + In |Ds3 1) + gsix + k^^' In \Bss\)^T'}ji{^)x{He) + 



where K compact and fs,gs & Cod{^)- By Corollary |31 the part involving fs and gs tends to in 
operator norm when suppx is small enough. More precisely, for all S and eg > 0, we can choose x with 
supp X small enough such that 

We now prove that the term I2 is the sum of compact operator plus a term which tends to in operator 
norm when S tends to infinity. We first introduce the bounded operator 

X ^ x + K;Mn|Dg3| ^ 
W^ji{-)r]{ ^ ), 

where rj E (M) and rf' — 1 ~ j^. Using Lemma [151 we have 

h = x{Ho)W\{Ho) = x{He)W\{H,) + K, K compact. 

We claim that 

lim \\x{He)W\{H,)\\ = 0. (4.21) 

To see this, we study the operator B — x{He)e'^+^^s^^'^'^'^^^^S'^xiHe)- Since W preserves D{He) 
( |34| ■ Lemma 5.17), B is well defined on H. Moreover, using (|4.15p . B is in fact bounded. Now, since W 
commutes with e'^+^D^s, B can be written as x{He)We'^'^+^'B'^3Wx{He)- But, note that on supprj, we 
have 

e'=+^|ID)53| > e'"+^. 

Hence, B > e'^'^^^ xiHe)W^x{He) and since B is bounded, there exists a constant C such that 

xiH,)W\{H,) < Ce-2«+s ^0, 5 ^ 00, 

which implies (|4.21l) . Finally, using that [x(ffe), Ji(§)] G 0(5'""'^) and the previous estimate, we obtain: 
for any eo > 0, we can find Sq large enough such that for any S > Sq, 

x{Ho)W\{Ho) > ~eox{Ho)jf{^)x{Ho)+ K. 

This concludes the proof of the lemma. ()> 

The Mourre estimate for {Hq,A^): The situation at infinity is more standard. The only subtlety 
comes from the choice of a conjugate operator since this choice depends on the energy interval we consider. 
In particular, two threshold values appear for which we are not able to establish a Mourre estimate. 
Precisely, we have 

Lemma 18 (a) For any x G C'(^(M) with suppx C (+m, +cx)), there exist e > and a compact 
operator K such that 

x{Homo,A+]x{Ho)> ex{Ho)jlQx{Ho)+K. (4.22) 
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(b) For any x G C(5"(M) with suppx C (—00, ~m), 114 -22^ is true if we replace by — ^4+. 

(c) For any x G C'o°(^) '"^'^^^ suppx C (— m, +m), the operator j^{^)x{Ho) is compact on H and 
^4 ■ 22^ is valid for any e > 0. 

Proof: Let us show (a). Using p.49p and the fact that j_^_{^)x{F[Q) is compact, we obtain 

xiHomo,A+]xiHo) = xiHo)j+i^)r'D,M^)x{Ho) 

-x{Ho)R+{x){a {x)I]>ss + b'{x)T^ + c'(a;)}x(ffo) + K, 
where K compact. We now make Hq appear in the first term and using that the three operators 

x{Ho)jl{^){xaix)+a{x)}Bssx{Ho), 
x{Ho){R+ix)b' (x) + {b{x) - m)}r"x(ffo), 
xiHo){R+{x)c'{x)+cix)}x{Ho), 
are compact by Proposition [2] and Lemma [51 we get 

x{Homo,A+]x{Ho) - x{Ho)j+{^)HoJ+{^)x{Ho) - x{Ho)P+{^)^nT\{H^) + K. 

FinaUy, using again that j+(§)x(^o) is compact and the fact that suppx C (+m, +00), there exists a 
strictly positive constant e such that 

x(i?ob+(|)i?oJ+(|)x(i?o) > (m + e) x(i?o)4(|)x(i?o) + 

while the second term is obviously estimated by 

x{Ha)]l{^)mT\{Ha) > -mx{Ho)jl{^)x{Ho). 

This implies (g^l]). 

The proof of (b) is identical to the preceding one with A^ replaced by —A+. 

In order to prove (c), we introduce the self-adjoint operator H,„ = L^Dp + ^Dga + mP" acting on 
Hoo — -^^(lip X S^; p^dpdojjC^). The operator Hm is exactly the free Dirac Hamiltonian in 5D-flat 
space-time written in polar coordinates. Observe that corresponds to the formal limit of Hq when 
X — !■ +00 with the identification p = x. It is well known that (see for instance [50] ) 

a{Hm) = cTac{Hm) = ("Oo, -vfi] U [-|-m, -1-00), 

which implies 

x{Hm) - 0, (4.23) 

if suppx C (— m, -fm). Using ()4.23p . we can express x(^o) a-s the difference x(^o) ^ xi^m) a-iid we 
want to use the Helffer-Sjostrand formula and the standard compactness criterion to prove (c). Since Hq 
and Hm do not act on the same Hilbcrt space, we have to be cautious with this procedure. We proceed 
as follows. Since [j+(^), x(-ffo)] is compact, it is enough to prove that j+(^)x(-ffo)i-(-(§) is compact. 
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Remark that the cut-off function obviousiy plays the role of a (bounded) identification operator 

between % and "Hoc (and conversely). Indeed, we have 

-L . tt — > n-ooj ■ too — > rt, 

p X 

V'(a;) — > j+i^)^ip), V'(p) — > J+(^)V'(a;), a; > and otherwise. 

Hence, using these identification operators and (|4.23p . the following identity makes sense on H 

j+(|)x(i?o)j+(|) = J+(|)(x(i?o) - X(i^™))j+(|)- 
Now using the Helffer-Sjostrand formula, it suffices to show that 

is compact on 7i. We introduce j+ £ C°°(M) satisfying — j+ and j+ = on (— oo, 0]. Then we have 

= j+{^){z - Ho)-'{Hoj+{^) - j+(|)i/„)(z - i/„0"'j+(|), 

= J+(|)(^ - Ho)-'{ ^r\h)'i^)+j+i^)ia{x) - i)D53 

+j+(|)(6(:.)-m)r"+j+(|)c(x)}(z-i7„0-ij+(|). 

Thus L is compact using Proposition [5] and Lemma [51 This concludes the proof of the lemma. <) 

Summarizing all the previous results, we have established a Mourre estimate for the pair of Hamilto- 
nians (iJo,^x)- Precisely, we have proved 

Proposition 4 Letx S Co"(lR) such that suppx is included in one of the intervals (— cxd, —m), (— m, +m), 
(+m, +oo) and suppx small enough. Then for S sufficiently large, there exist e > and a compact op- 
erator K such that 

xiHo)t[Ho,A^]xiHo) > px\Ho)+K, 

where — A_ +^4+ when suppx C (+m, +oo), = A^ —A^ when suppx C (— oo, —m) and A^ = A^ 
when suppx C {—m,+m). 

The Mourre estimate for {H,A^): Let x ^ ^"5*^(111) satisfying the assumptions of Proposition S) We 
only treat the case suppx C (+to, +oo) since the other cases are analogous. We have A^^ — A ~ A_ 
and using Lemma [T3] and Corollary [51 we have 

xiH^H, A]x{H) = x{Ho)i[H, A]x(i?o) + 

where K compact. We write H ^ Ho + ih- l)Ha + Ha{h - I) + {h - l)Ho{h - 1) + M = Ha + Hi and 
we show that 

x{Ho)i[Hi, A]x{Ho) is compact. 

For instance, we have 

x{Ho)i[{h~l)Ho,A]x{Ho) - x{Homh^l),A]Hox{Ho)+x{Ho){h-l)i[Ho,A]x{Ho). 
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But, i[{h — 1), A] = —R+{x)dxh and ft, — 1 belong to S~'^ by Lemma IH Hence this term is compact. 
The other terms involving h — 1 are treated similarly. Finally, since M G S~'^ according to Lemma [Sj it 
is immediate that [Af , A] G S^^ and thus, the last term x{HQ)i[M, A\x{Hq) is also compact. Hence, we 
have proved 

Proposition 5 Letx G C5*'(]R) such that suppx is included in one of the intervals (— oo, —m), (— m, +m), 
(+m, +oo) and suppx small enough. Then for S sufficiently large, there exist e > and a compact op- 
erator K such that 

x{H)i[H,A^]x{H)> ^,xHH)+K, 
where defined as in Proposition^ 

We finish this section with some direct corollaries of Theorem [5] and Propositions 2] and [5l The first 
result concerns the spectrum of Hq. Using the fact that Hq can be decomposed into a family of one- 
dimensional Dirac operators (see Lemma |4|) , we can readily prove that the spectrum of Hq is continuous 
(no pure point spectrum) by the same argument as in Proposition [6l Together with the Mourrc estimate 
obtained in Proposition HI we thus get 

Theorem 3 cr{Ho) = aess{Hn) = (Tac{Ho) = M. 

Since {H — i)^^ — {Hq — is compact (see the proof of Corollary [2]) , it follows from the Weyl 
Theorem (see [47], Vol IV) and Theorem [3] that aess{H) — R. Moreover, applying Proposition [5] and 
Theorem [5] again, we obtain the following result for the spectrum of H 

Theorem 4 The operator H has no singular continuous spectrum (asing{H) = aess{H) = K and H 
has only eigenvalues of finite multiplicity m R \ {±m}. 

Note here that we cannot say that H has no eigenvalue a priori since H is different from D by definition. 
However, since H coincides with D on the fixed angular mode e*"'^e""''' and since a{B)) = 0, then 
app(i?"'") -0 

4.3 Local energy decay II 

We prove now our main result that can be restated (in the variable x) as follows 

Theorem 5 The Dirac operator D is a self-adjoint operator on l-L having purely absolutely continuous 
spectrum. Moreover, for all x G C'o°(-'^) '^'^'^ '^^^ w G 'H, we have the following local energy decay 

lim ||x(x)e"''™u|| = 0. (4.24) 

i— f ±oo 

Proof. Since D coincides with H on the angular mode e^'^'e™'^, we conclude from Theorem |4] that 
(Tsc(D"'") = 0- Since this can be done for all n,rn G ^4- Z, the first assertion follows. 

By a density argument, it is enough to prove (|4.24p on each angular mode {e™¥'e™'^}, n, m G 5 + Z 
and for all m in a domain dense in T-L, for instance D(p). But since the spectrum of D is absolutely 
continuous and since x(a;)(D"'" + i)^^ is compact on T-Lnm by LemmalHl we have for all Unm G -D(D"'") 

lim ||x(x)e-**»"'"M„™|| =0, 

i— fib 00 

by the Riemann-Lebesgue Lemma (see [47]). This finishes the proof of our main result. <C> 



30 



A The Dirac equation adapted to the separation and absence 
of pure point spectrum 

In this Appendix, we first recall the expression of the Dirac equation obtained by Wu [5T] and follow his 
argument to show the separability of the equation into radial and angular systems of ODEs. Using this 
form of the equation, we are able to prove that the Dirac equation has no eigenmode, or equivalently that 
the pure point spectrum of the corresponding Hamiltonian is empty. In the course of the proof, we recall 
how to decompose the angular operator resulting from the separation of variables in a well chosen Hilbert 
basis of eigenfunctions. This is also the result we apply to decompose the standard Dirac operator Dgs 
on in Sections |3] and SI 

Using the local Lorentz frame for the metric (11.21) given by 
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2 n^V 



— (ab dt + bdu, 
rp \ 



/0 , 



where = ^2 ^^^^2 g _|_ ^2 ^^^2 obtained the following expression for the Dirac equation (|2.5 
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sin 9 cos 



coiO tan 6* (a2 — 62~) sii^5/(20s6' tn, 

— iY{r - ipT) 



cjsmwcosw n ,o, „ 
+ 7' ^ (a'-62)a^ + - 
pVS ^ si 



2Y.P 
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cos^ 



+ 7^ — abdt + bd^ + ad^, , . ^ , , 
rp\ / Ir'^p'^ 



7*^7"'" (r + ip7^) + ra 



r — ip^ 
21] 



(A.2) 



= 0. 



Let us choose a square root of r + ip^^ - for instance ^Jr + ijrf' = 
the weighted spinor v — A'l ■\/r + ipj'^cf). Then v satisfies 



5 - . / r+vT 



Ii + i\ h^„ '' 7^ " ^nd introduce 



o(r2 +a2)(^2 ^^2) sin0cos0(a2-62) ,7^ i x ^ /A ^ 

7°^ ^ +7^ ^ '- + {1 )ab)dt + i\ —dr 

rv AS P p r / S 
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The matrix-valued function P 
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""^ in front of dt is 
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invertible with inverse 



1 A / r,ir^ + a^)ir^ +b'^) , sin cos ^(a^ - 5^) ab . iab 
T V rv AS P p r 

Multiplying (IA.3I) by from the left and introducing the Regge- Wheeler variable x as in (|2.24p . we 
thus obtain 



idtv = P-^ 



r%/A 



f ooir^ + y^ ib\ f „b{r^ + a^) ia 



r\/A 



ab 



(A.4) 



Using the notations introduced in p.Sip . we can write P ^ as 

r\/A 



P-^ = -N 



(r2+a2)(r2+52) ' ' 



where 



and we get for the Dirac equation (IA.4I) 

r%/A 



^rm? r?T ^ cos + — + — r'' 
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r.2 _L ^2 (^^2 _|_ Q,2)(-j,2 _|_ 52) 



7-2+62 (^2 ^ Q,2)(-^2 ^ ^2) 

mr2\/A ^0 ^ 



a5\/A 



(r2 + a2)(r2 + 62) (^2 ^ Q,2>)(-y,2 ^ 52) 



r(r2 + a2)(r2 + 62) 

r 
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(A.6) 



mprV A 



Let us denote 



'Do 



Va 



ab 



" (r2 +a2)(j.2 + 52) 
We finally get the following Hamiltonian form for (jA.6|) 

idtv — Vv, 
V = NVo, 



6r"D^ + aT^D^ H 7^ - mprV 



(A.7) 



(Ai 



with and 2?o given by (jA.5|) and (|A.7p respectively. 

The Hilbert space framework for the Hamiltonian T) is as follows. We define the Hilbert space 



equipped with the scalar product 
where is shown to be 



g = p2(M X S^,dxduj;C'^), 

{u,v)g = {N~'^U,v)-H, 

ry/A 



(A.9) 



/ (a2 — 62) ^ ^ o ab r ab ^ 

— — -r- ( ^ Z sin d cos ^r^ + — + — r" 

(r^ + a'^)(r^ + 6^) V p p r 
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Note that the symmetric biUnear form (|A.9|) is indeed a scalar product by the following argument. Denote 
= {h + M). Then a short calculation shows that {1^ + M){h - M) = h- = h~^. Hence 



M 



Since M* = M, we conclude that 



IMII 



(r^ + a2)2(r2 + ^2)2 • 



< 



(r2 + a2)2(r2 +62)2 (^2 + a2)(^2 + 52) 



< 1. 



As a consequence 

N-^ = {1 + M) > 0. 

Finally, according to (jA.7p . the Hamiltonian Vq is clearly a short-range perturbation of the Hamil- 
tonian Dq when restricted to each angular mode g^'^e""'^. By the same argument as in Section [31 Vq 
is thus self-adjoint on Ti with its natural domain DCDq) ~ {v G H, WDqvW^ < 00}. Moreover, since the 
operator N is clearly a bounded self-adjoint operator on 'H, we have 

Lemma 19 The Hamiltonian V is self-adjoint on Q with the same domain as Vq, i.e. D{'D) — D(T>o). 

We now prove the absence of pure point spectrum for V. In the course of the proof, we shall see how 
the form of the equation (|A.8|) allows easily to separate the equations into radial and angular systems of 
ODEs which, in turn, permit us to prove the result. 

Proposition 6 a.pp{T)) — 0. 

Proof. Suppose that crpp(2?) 7^ 0. There exist thus a; € M and w G t?, u 7^ 0, such that Vv = lov. Then 
N{'Do — ujN~^) V = 0. More explicitly, we have 



ry/A 



(r2 + a2)(r2 + b^) 



US3 



bVA 



62 



(r2 + a2)(r2 + b^) 



r2+a2 (r2 + a2)(r2 + 62) 
aby/A 1 



r(r2 + a2)(r2 + 62) 
mpr^/A 5 



7 



(A.IO) 



(r2 + a2)(r2 + 62) {r^ + a'^){r^ + b^) 



{a^ - 62) 



(r2 -ha2)(r2 -h62) 
The above equation (jA.10[) can be rewritten as 

ry/A 



sin0cos6ir3 



^p5 

P 



= 0. 



(r2 + a2)(r2 + 62) 



TZ + A 



v = 0, 



(A.ll) 



where 



n 



(r^ + a^)ir^ +b^). 



rVA 

'b{r^+a^) 



T'D, 
6 



a{r'^ + 6^) 



I'Mr'+a") n\ „ a6 1 / 



rVA r 

•(r2+a2)(r2+62) 



a6. 



(A.12) 
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and 



A 



mpT^ — a; ^ 



{a^ — b^) sin 6* cos 6* _j_^3 ^ afep5 



(A.13) 



P P 

Note that, once restricted to the angular modes {e™'^e™'^}, n,m G 5 + the operators M"™ and 

are two matrix ordinary differential operators in the r and variables respectively, hence the separation 

of variables. We shall use this property as follows 

Lemma 20 The Hilbert space % can he decomposed onto a Hilbert sum 

n= Hinm, C = {{l,n,m), ZeN*, n,me i+Z}, 

where the Hinm 's are subpaces ofH, isometric to i^(R, dx; C^), and invariant with respect to the actions 
of A, D^, and TZ. Precisely, for all vinm € T~Linm — dx; C''), the following properties hold: 

1) Avinm '■= A^""''Vinm — A;„.,„(a;) V^Vlnm, 
3) Uvinm ■= TZ^""'vinm whcrC 



A 



an{r'^ + b"^) ^ an^^ 



r 



A 



r 



ab f{r'^ + a'^){r'^ + b'^)^ab_^Q 



(A.14) 



Assuming for the moment this Lemma to be true, we see that the components w/nm S L^(R, da;; C'*) 
of the eigenfunction v oiV satisfy the system of equations Tl''"™'vinm + ^inm^'^vinm = which can be 
equivalently written as 



bm 



rVA 



Vlr, 



n an + bm^r,ab , afe „ , / n 9 



(r^ + a2)(r2 + 62) 
Let us abbreviate (jA.lsp as 

{x,Uj)vinm, 

where we let 

Pnm{.X,L0) := 

and 

r^fK 



(A.15) 



Vlr. 



bm 



Vlnm{x,Uj) ■■= -i 



(r2 + a2)(r2+62) 



mrT 



(r2 + a2) (r2+52) 
Q an + bm r^ab ^ a^j^o 



(A.16) 
(A.17) 

(A.18) 
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Remark that Vinm{x, to) G L^{R~ , dx ; M4(C)) thanks to the exponential decay of A at the event horizon. 
We now set winm = exp(iP„„(a;, u;)r"'^)ii;„m- Then the components winm clearly belong to dx; C^) 

and satisfy 

dxWlnm = exp{iPnrnix,Uj)T^)Vln,nix,Uj)eyip{~iPnni{x,Uj)T^)winm = Wlnra{x,Uj)winra- (A. 19) 

Moreover, from (|A.17I) and (lA.lSp . we have 

Winrn{x,uj) € C°° [R] Mi{C)) H L\R- , dx] M^C)). 

Since Winm belong to near the event horizon, by a standard argument, there exists a unique solution 
of (jA.19|) satisfying winm{—oo) = C for all C S C*. The set of solutions of (|A.19P being of complex 
dimension 4, this property characterizes all possible solutions of (IA.19p . As a consequence, we conclude 
that the unique solution of (jA.19l) belonging to L^(R, dx; C"') is which immediately leads to a contra- 
diction. Hence (Tpp(I?) = 0. ^ 

Proof of Lemma 1201 We prove this Lemma in two steps. First, using the fact that the operator ^ is a 
bounded perturbation of D53, we show that A has compact resolvent. There exists therefore a sequence 
of vector- valued functions Yinm which are eigenfunctions of A (and also of Z?^, D^,) that forms a Hilbert 
basis of L^{S^, du, C^). Second, we construct explicitely the subspaces Hinm with the required properties 
in terms of the eigenfunctions Yinm- 

Recall first that D53 is the standard Dirac operator on associated to the metric 553 = d9^ + 
sin^ Odip"^ + cos^ Bd^jj"^ with the ranges < < ^ and < 1^9, -0 < Stt. The operator D53 is self-adjoint 
on L'^ {S^ , duj , C^) with its natural domain and it is well known that it has purely discrete spectrum 
(see for instance [10]) and has compact resolvent. Since the operator A is clearly a bounded symmetric 
perturbation of Dgs for any a; e K, we conclude that A is also self-adjoint on L^(S'^, dw, C^) with the 
same domain as D53 by the Kato-Rellich Theorem. Moreover, by the resolvent identity 

{A-iy^ = (D53 -i)-^ - {A-iy\A-'Ds^)iBs3 -iy^ 

we infer that the operator A has also compact resolvent since ^ — D53 is bounded. Finally, note that the 
operator A commutes with the self-adjoint operators and equipped with anti-periodic boundary 
conditions. There exists thus a sequence of vector- valued functions Yinm = Uinm{d)e'^"-'^ e^"^'^ where I € Z* 
and n, m S 5 +Z which forms a Hilbert basis of L^{S^,duj; C^) and are common eigenfunctions of the self- 
adjoint operators A,D;p and D^. Here the vector- valued functions Uinm are solutions of the eigenvalue 
equation 

^""C//nm(e) = XlnMUlnra{9), (A.20) 

where the self-adjoint operators A"'™ are equal to A with D^p and D.ff, replaced by n and m in i + Z 
respectively. 

Note now that the operator F" (and also F^) anticommutes with A"™. Therefore, if Yinm is an 
eigenfunction of associated to A/„m(w), then T^Yinm is an eigenfunction of y^"™ associated to 

— Ainm(<^)- The spectrum of A^"^ is thus symmetric with respect to and we can adopt the following 
convention. For all Z G N*, the eigenfunctions Yinm correspond to the positive eigenvalues Xinm{^) listed 
in increasing order, i.e. Xinm < X2nm < • • ■ • Note in passing that for {n,m) G 5 + Z fixed, the eigenvalues 
Xinm of are simple since the Dirac type operator A""™ is limit point at 9 = and ^ = f • Moreover, 
for all I e — N*, we set A;„m = — A(_i)„„i and Yinm = r°Y( Furthermore, the operator 7^ = — zF^F^ 
commutes with A since F" and F^ anticommutes with A. Denoting by = ^(£4 ± 7^) the projectors 
onto the positive and negative spectrum of 7^ respectively, we see that the eigenfunctions Yinm belong 
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either to RanP^, or RanP . We can thus classify the eigenfunctions Yinm into = P~^Yinm and 

Summarising the previous remarks, we have the following decomposition of L^{S^, dco; C*). 

iez*,(7i,m)e5+z 

ieN*,(n,m)ei+Z 

~ {P~^Yiji^jP Yi^^^ P^Y Yij^YYit P r YiYijn^ . 

i6N*,(Ti,m)ei+Z 

Hence, the Hilbert space "H can be written as 

= dx) ® {P+Yinm, P-Yinm, P+T^^Yinm, P-T^Yinm}) , 

where C = {(l,n, to), / € N*, n,m £ ^ +Z}. By definition of the subspaces Hinm, it is clear that each 
element Uinm S can be written as 

with scalar fimctions Therefore, identifying Uinm with the vector-valued function wfTOm, '"Lm' '^tnm)^ 

we see that the Tiinm^s are isometric to L^(M, dx; C^). 
With this identification at hand and using that 



it is an easy calculation to see that the Hinm's are let invariant through the actions of A, D^p, D^, TZ and 

^Inm' ""Inm' "'Inm' "'Inmh 



that, for all Uinm = "Lm- "Lm- ^^Lm)- 



■AUlnm = ^lnm{oj)M2Ulnm, DipUlnm = nUlnm, D^Ulnm — mlllnm, 



,^ ^ fan{r^ + ¥) an , ^ \ (hmir^ + a^) hm ^ ^ \ 

MiD^+mrMo+i ^ > + —Mq] + — ^ ^ ' + — Mq 

V r\/A r J \ r\/A r / 

Ulnm 5 



r\/A V r\/A r / v r-\/A 

+ ^M3-w ^ ^= ^ + — Mo 

where the Mj are 4 x 4-matrices given by 

Mr=( ' ? V M.= f 1^ V M3=f ? V M4 ^ « 



0-2 ; ' ^ V --^2 7' V (73 7' V ^1 

and the aj 's are the usual Pauli matrices given by 

1 \ / \ / 1 



•^i = I 1 i ' ^2 ^ U j ' ^3 - V -1 
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Now, choosing the 7-''s Dirac matrices in such a way that = Mi, = M2, F° = M4 (which would 
imply that 7^ = — iF^F^ = M3), then the Lemma is proved. If we choose any other representation of the 
7-''s Dirac matrices satisfying (|2.2p . then there would exist a nonsingular 4x4 matrix S such that 

sr^s-^ = Ml, sr^s-^ = Ah, Sj^s-^ = Ah, sr°s-^ = au, 

(see |50|). Thus, any representation of the Dirac matrices are equivalent and the precise decomposition 
of the Lemma still holds if we consider the subspaces Hinm — SHinm instead of Hinm- Without loss of 
generality, we can thus always assume that F^ = Mi, F^ = M2, F" = AI4 and 7^ = — iF°F^ = M3. 

As a last remark, notice that the same proof applies to Lemma |4] directly. It suffices to replace the 
operator A by the simpler operator D 53 in the previous proof. In that case, the positive eigenvalues Xinm 
of D53 are explicitely computable and are known to be given by {|,|,|,...} (see for instance [lO]). 
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